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The stability properties of coupled dipole resonance oscillations
in a relativistic electron beam-plasma system are investigated
within the framework of a rigid beam model. The analysis is carried
out assuming sharp-boundary rectangular density profiles, and dis-
tinguishing the two cases: (a) beam electron-plasma electron dipole
resonance oscillations, and (b) the ion resonance instability for
an intense relativistic electron beam partially charge neutralized
by background ions. In case (a), it is shown that the system is
most unstable for zero fractional charge neutralization, and that
the instability growth rate can be significantly reduced by increasing
the density ratio h ,/h , where he , and he are the beam electron
and plasma electron densities, respectively. Moreover, the charac-
teristic growth rate for the electron-electron dipole resonance
instability can be a substantial fraction of the beam electron
cyclotron frequency. In case (b), it is found that the instability
growth rate is enhanced considerably by increasing the beam density
and energy, and that, for sufficiently small fractional charge
neutralization, the most unstable mode occurs for long axial
wavelengths (kz-0). The characteristic growth rate for the ion
resonance instability is also found to be a substantial fraction
of the beam electron cyclotron frequency.
2I. INTRODUCTION
The major recent interest in the equilibrium and stability
properties of intense relativistic electron beams originates
from several diverse research areas. These include: (a) research
1,2on high-power microwave generation, (b) research on collective-
effect accelerators that utilize intense self-electric fields3
4or traveling wave electromagnetic fields (Autoresonance Acceleration)
to trap and accelerate ions, (c) studies of inertial fusion confinement
concepts,5 and (d) self-focused electron beam propagation in the
6
atmosphere. In circumstances where the intense relativistic
electron beam is injected into a preionized plasma or neutral gas,
we expect transverse coupled oscillations between the relativistic
electron beam and the plasma electrons and ions. The most destruc-
tive oscillations are expected to be dipole resonance -oscillations
(kink mode instability), since amplifying perturbations of this
form can result in gross distortions of the electron beam and
thereby interrupt quiescent propagation. This paper examines
stability properties for coupled dipole resonance oscillations of an
intense relativistic electron beam with a background plasma. These
investigations are carried out distinguishing the two cases:
(a) interactions between the relativistic beam electrons and the
plasma electrons, and (b) interaction between the relativistic
beam electrons and ions. Dipole resonance oscillations of type (b)
can result in the ion resonance instability, which has been examined
extensively7 for the case of a nonrelativistic electron beam.
For application to the Autoresonance Accelerator, a more accurate
theoretical investigation of this instability is required including
relativistic beam kinematics.
3The formal stability analysis for long axial wavelength perturbations
is carried out in Sec. II within the framework of a rigid beam model
in which all of the individual particles are "frozen in" and move
collectively with the beam center-of-mass motion. Moreover, we restrict
the stability analysis to the case of sharp-boundary rectangular density
profiles [Eq. (1)]. The general dispersion relation for coupled dipole
resonance oscillations is derived in Sec. II [Eq. (19)]. Equation (19)
constitutes one of the main results of this paper and can be used to
investigate stability properties for a broad range of system parameters.
Stability properties for coupled dipole oscillations between
the beam electrons and plasma electrons are investigated in Sec. III,
assuming that the positive ions form an immobile (mi*cq) partially
neutralizing background. A closed expression for the dispersion
relation is obtained [Eq. (26)], and in the limiting case where the
applied magnetic field vanishes (B0=O), this dispersion relation
permits an analytic investigation of stability properties for certain
special choices of physical parameters. It is found, for example,
that perturbations with infinite axial wavelength (kz=O) exhibit
instability provided [Eq. (29)]
> 1-s,
where fm is the fractional current neutralization, $ , c is the axial
velocity of the beam, and s=R%/R is the ratio of beam radius to plasma
radius-squared. A numerical investigation of the electron-electron dipole
resonance instability is also carried out in Sec. III. This analysis
leads to the following conclusions: (a) The system is most unstable
for zero fractional charge neutralization and s=l. (b) The instability
growth rate is considerably reduced by increasing the density ratio
4n/f e, where i , and f are the beam electron and plasma electron
densities, respectively. (c) For a high-density background plasma
(e ,/fe < 0.1), the electron-electron dipole resonance instability
can be stabilized provided the beam density is sufficiently
2 2 2 2low that w e/WceW < 0.5. Here w ,=4ne n,/Yem and we-eB / e'mec
are the plasma frequency-squared and cyclotron frequency, respectively,
of the beam electrons. (d) Finally, the characteristic growth
rate of the instability can be a substantial fraction of the beam
electron cyclotron frequency. Moreover, the growth rate increases
rapidly as the beam density is increased.
The ion resonance stability properties of an intense relativistic
electron beam are investigated in Sec. IV, including the important influence
of relativistic beam electron kinematics and finite axial wavenumber
on stability behavior. The analysis of the ion resonance instability is
carried out assuming zero background plasma density [Eq. (48)]. The
Aispersion relation is derived [Eq. (50)], and a numerical investigation
of this dispersion relation is carried in Sec. IV for a broad range of
system parameters. Several points are noteworthy in the present analysis.
First, the ion resonance instability is enhanced significantly by an
increase in beam density and energy. Second, perturbations with
sufficiently short axial wavelengths (C3 It 1) do not exhibit instability.
Here 43 is the normalized axial wavenumber defined in Eq. (53). Third,
generally speaking, the system is most unstable as the fractional
charge neutralization fe approaches unity. Moreover, for sufficiently
small fractional charge neutralization (f < 0.1), the most unstable
mode occurs for long axial wavelengths (kz -).
5II. THEORETICAL MODEL
As illustrated in Fig. 1, the equilibrium configuration consists
of an intense relativistic electron beam that is infinite in axial extent
and propagates with axial velocity V ,& parallel to a uniform magnetic
e nz
guide field B Oz. The electron beam has radius Rb and propagates through
a cylindrical background plasma with radius R . The beam space charge isp
partially neutralized by a positive ion beam background. For simplicity,
we assume that the plasma ions and beam ions are singly charged, and that
the beam radius is less than the plasma radius!, i e.P Rb 4 R As shown in
Fig. 1, cylindrical polar coordinates (r,e,z) are introduded. The
present analysis is carried out within the framework of a "rigid beam"
model. For purposes of analytic simplification, we also specialize
to the case of sharp-boundary profiles in which the equilibrium density
profiles are rectangular, i.e.,
0 ( ij=const., 0 < r < R ,
n (r)=(1)
0 otherwise .,
where j-e',i',e, and i denote the beam electrons, beam ions, plasma
electrons, and plasma ions, respectively. In Eq. (1), the radius R
can be expressed as
Rb , j=e' and j-i' ,Ri (2)
R , J-e and j=i
Making use of Eq. (1), it is straightforward to show that the
equilibrium radial electric field produced by particles of species j
is given by
r 0<r <R.
jrR /r r > R
6where e is the particle charge. Similarly, the equilibrium azimuthal
magnetic field produced by particles of species j can be expressed as
r , Q< r <R.
B (r)W-21re .j tSj 2 (4)
R /r , r > R ,
where V cB  is the axial drift velocity, and c is the speed of light in
vacuo.
In the subsequent analysis, we introduce the center of mass coordinate
X for the plasma and beam components of species j,
,'J
-jmx +Y (5)
where ^ and i are unit vectors in the x and y directions, respectively.
kx Mly
In the equilibrium state, we assume that
=0_ (6)
for j-e', i', e, and i. It is also assumed that
<< R . (7)
The restriction to small perturbation amplitudes makes the subsequent
stability analysis tractable. For future reference, we also introduce
the quantity rjk defined by
r 2 - 2(8)
rjk-xXk +Yk) 8
which denotes the distance-squared between the center-of-mass coordinate
(kYk) and the position coordinate (x j,yj ) for a particle of species J.
The equation of motion for a single particle of species j is given by
2 1 B
dr ej( + x ,rX (9)
7where k and k are the total electric and magnetic fields, and m. is
the mass of a particle of species j. Assuming E and B can be approx-
imated by their equilibrium values, we substitute Eqs. (3) and (4)
into Eq. (9). The equation of motion in the x-direction can be
expressed as
d2 e (d
Sd J c B0 dtJ)
(10)
+27e Ik kr k) k 2 R
SJ2/rj k
where B A is the applied axial magnetic field. Neglecting
momentum spread, Eq. (10) can be averaged over the beam cross section
(see Appendix A). After some straightforward algebra, we obtain
the approximate equation for average motion in the x-direction,
i X - -B d
J dt c 0 jd
(11)
+2we k kk j k '
where the coupling coefficient njk is defined by
s for j=e,i, and k=e',i',
jk 1 , otherwise ,
and
S -(Rb p (13)
Similarly, the equation for average motion in the y-direction is
given by
In ? 
- 1B (d i) (dt14
(14)
+27e Jfkek j k )(j-4k )njk
(12)
8Defining
Z =X. +iY (15)
and making use of Eqs. (11) and (14), we obtain
d2 d
dtZ +i c -
dt 2 cidt j
(16)
2xre
k j k )(ZZk )njk
where e =sgne , and we B0 /m c is the cyclotron frequency.
We seek oscillatory wave solutions to Eq. (16) of the form
Z -Z exp[i(kZz+a ct-wt-e w cjt)] , (17)
where w is the complex eigenfrequency, Z 1=const. is the perturbation
amplitude, and the axial wavenumber kz is limited to the range
k 2R <1 . (18)Z p~
Equation (18) assures the approximate validity of Eq. (16) for wave
perturbations with a/Bz#O. Substituting Eq. (17) into Eq. (16), we
obtain
[(-kz ac)2+E cj (w-kz $c)]Z
21re
+ jn1- ek($Sak)2 jkZ 1  (19)
Mjk
L m nk k (l jak)jkZ kjik
Equation (19) gives four homogeneous equations relating the amplitudes
e ,i Z ,e' and Zi. Setting the determinant of the coefficients of Z
equal to zero gives a four by four matrix dispersion equation that
determines the complex eigenfrequency w. Equation (19) and the associated
matrix dispersion equation constitutes one of the main results of this
9paper and can be used to investigate stability properties for a
broad range of system parameters. We now examine stability behavior
in two limiting regimes where the analysis of Eq. (19) is tractable.
W -
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III. STABILITY PROPERTIES FOR COUPLED ELECTRON-ELECTRON DIPOLE
RESONANCE OSCILLATIONS
In this section, we investigate stability properties for dipole
resonance oscillations in which the beam electrons and plasma electrons
are coupled. Several simplifying assumptions are made. These include:
(a) The plasma column is space charge neutralized, i.e.,
ni-e . (20)
(b) The relativistic beam electrons are partially space charge
neutralized with
^ , f n (21)
where f -const. is the fractional charge neutralization.
(c) The eigenfrequency of the dipole resonance oscillations is
much larger than the ion plasma frequency, i.e.,
>>W , w .$ (22)
where w 2 =4re2a. /m . Within the context of Eq. (22), we neglect the
ion motion in Eq. (19) and approximate
Z,O , 8=6i (231
Substituting Eqs. (20), (21), and (23) into Eq. (19) gives
[((-k 8 ,c)2- (w-k 8 ,c) -2 2
z e ce z e 2 pe e m e e
(1-0 a ,)Z ,2Y , pe e e e
(-k c) 2_wce (w-k ac) - w [l+(fi 1 )s(f +a a ,-l)J}Zs( 2pe e e ee e
Ye' 2 (24)
2 wpes(l-Oe~e1) 2e'
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where the fractional current neutralization fm is defined by
fm =-(± Iii )ae/%' , (25)
and y,,-(l-a ,)-1/2. Eliminating Ze and Z from Eq. (24) gives theee
dispersion relation
[(w-kz ewc) 2_Wce(w-k c) _- ~w2e '( efa20
2 1 2
x{(-kzaec)2ce (w-kzec) - (l+(f ,/f )s(f +a 88,-i)])
(26)
1(2 2 1- )24' pe tpeS le ei
which can be used to determine stability properties for a broad range
of system parameters.
A. Analytic Investigation of Stability Properties-for B 00
Equation (26) permits an analytic investigation of stability
properties for certain ranges of physical parameters. A careful
examination of Eq. (20) shows that analytic solutions are accessible
when the applied field vanishes, i.e., B0=0. Assuming B0=0, we now
examine Eq. (26) for two special choices of system parameters:
(a) kz=0, which corresponds to long axial wavelengths, and
(b) f es=1 and fm-0, which corresponds to complete space charge
neutralization and zero current neutralization.
Long Axial Wavelength Perturbations. In circumstances where
kz=O
the dispersion relation in Eq. (26) reduces to
2 1 2 e f 2 8,1 2
we e m e pe[l+(n /e)s(fe+8e,-l)]}
1 2 2 2 (27)
- W ,e 1 s(1-0 e e) =0
12
2
Equation (27) is a simple quadratic equation for w , and the necessary
and sufficient condition for instability can be expressed as
S(1-0 1) 2 > (f -f [2 M1+(n ,/i )s(f +6 8 ,-1)] .eea e m e e e e e e
(28)
Note that when Eq. (28) is satisfied, the perturbations are purely
growing, i.e.
w rRew-O.
r
For a space charge neutralized (f =1) electron beam in a dense
background plasma satisfying a >> f , , the stability criterion in
Eq. (28) reduces to
f , > 1-s , (29)
m e
where use has been made of
which follows aince the. plasma electron motion is assumned to be
nonrelativistic (a I <1). The instability growth rate y-lmw for the
unstable branch satisfying Eq. (29) can be expressed as
2 1[2 2 2 2 212 ,2 2 +1)}1/2
Y -{ , ([w--f,)+ ])+W
p m m p eme
2 29
Assuming that the total plasma electron current I -ireR pf~ a,-Ia e'-1is less
2
than the electron beam current Ib.- wreR~$~ ,tefacinlburn
neutralization f satisfiesM
f s < S31
2 2
where s~pRb/R p. We therefore conclude from Eqs. (29) and (31) that the
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range of fractional current neutralization corresponding to instability
is given by
1-s < f a < s8 (32)
where kz=O, B0=0, f =l, and e >> n , have been assumed.
It is important to note that long wavelength perturbations
(kz=O) exhibit instability even for a space charge neutralized
(f el) electron beam. As evident from Eq. (32), the instability
is associated with the relative streaming of beam electrons and
plasma electrons (f 0). The instability mechanism is similar
in nature to the repulsive force between two donducting wires
carrying currents in the opposite direction.
Space Charge Neutralized Electron Beam and Zero Plasma Current.
As a second example that can be investigated analytically, we consider
the case where
f es-1 and fm-0 . (33)
Substituting Eq. (33) into Eq. (26), we obtain
2 2
pe + = 2 (34)
2 _-2(w-k ze c) 2
which is similar in form to the dispersion relation for the ordinary
8
two-stream instability, except the numerical factor on the
right-hand side of Eq. (34) is two instead of unity.
Using standard techniques, 8.it is straightforward to show from
Eq. (34) that instability exists (Imw > 0) for axial wavenumbers in
the range
0 < k zae'c| < k 0 e, c ,) (35)
14
where
W w 2 2/3, 3/2
k a, c E 1+/2 (36)0 e 21/2 2I.\pe
The requirement k2R2 < 1 [Eq. (18)] gives
0p
2 2 2/
W R2/c2 < 282, 1+ (37)pe p e 2
pe
for validity of Eq. (34) over the range of unstable kz-values. For low
beam density (fi , Y ,al ), it is straightforward to show that the
maximum growth rate (maximized with respect to k ) can be approximated
by
1/2 n. 1/3
(IMW]max 4 pe (Ye (38)
(ee
B. Numerical Investigation of Stability Properties for B 0-
In this section, we solve Eq. (26) numerically for B 00 and a broad
range of system parameters of experimental interest. Equilibrium
radial force balance on a fluid element of plasma electrons can be
expressed as
A f 2(ne,,/n ) (l-a ,-f )- 0 (39)
Substituting Eq. (39) into Eq. (26) and making use of A_,I<<l, we
obtain
21 2 2 1 - 0 40
where n is the ratio of electron beam density to plasma density,
nlnf I /Ye te 9 (41)
and the normalized Doppler-shifted eigenfrequency X, and normalized
15
axial wavenumber C are defined by
Xi=(w-kz e /w pe(42)
and
Cl=k Z C e _ae)/pe (3
respectively.
The growth rate Imw and real oscillation frequency wr-Rew have been
obtained numerically from Eq. (40) for a broad range of parameters fm, s,
q and . We summarize here the essential features of these stability
studies. Stability boundaries in the parameter space (fm' Y
are illustrated in Fig. 2 for (a) s=0.6 and (b) s-1. The shaded region
in Fig. 2(a) is forbidden since fM > s in this region [see Eq. (31)].
The solid curves correspond to the stability boundaries (Imw-O) obtained
from Eq. (40) for 8e, = 1, and several values of n ranging from 0.01 to 0.2.
It is important to note that the region of (fm' ) parameter space
corresponding to instability is considerably reduced when the value of
s-%/R is decreased. Moreover, for sufficiently small s and small
fractional current neutralization (fm << 1), the system is stable for
perturbations with long axial wavelengths satisfying C 0.5 [Fig. 2(a)].
The dependence of stability properties on normalized axial wavenumber
(C ) is further illustrated in Fig. 3, where the normalized growth rate
Imw/w and oscillation frequency (w -k z ec)/wp are plotted versus
for n=0. 06 and f m=0, and several values of the parameter s. In Fig. 3,
the real oscillation frequency is plotted only for the ranges of ;
corresponding to instability (Imw > 0). Several features are noteworthy
in Fig. 3. First, the instability growth rate as well as the range of
corresponding to instability is reduced considerably by decreasing
16
the value of s-R /R. Second, the real frequency wr exhibits a nearly
linear dependence on axial wavenumber (Fig. 3(b)], whatever the value of
s. Third, the maximum growth rate of the instability occurs at approximately
the same value of C1 for all values of s.
Shown in Fig. 4 are plots of growth rate and real oscillation
frequency versus C for r-0.06, s-1.0, and several values of the parameter
2
fma,2 Evidently, for long wavelength perturbations, the instability
growth rate can be significantly increased by increasing the fractional
current neutralization fm (see Fig. 4(a)]. It is also evident from Fig.
4(a) that perturbations with infinitely long axial wavelengths exhibit
instability for sufficiently large fractional current neutralization,
which is consistent with Eq. (30). However, the real oscillation
frequency is almost independent of the fractional current neutralization
[Fig. 4(b)].
C. Numerical Investigation of Stability Properties for B0 0
In this section, we carry out a numerical investigation of Eq. (26)
to determine stability properties. for B0 00. The analysis is carried out
for a broad range of system parameters within the context of the
inequality in S $ t<<l. It is useful to introduce the normalized
Doppler-shifted eigenfrequency X2 and normalized axial wavenumber 42
defined by
X2-(w-kz ec)/w ce(44)
and
C2-k c(s e ce (45)
respectively. The dispersion relation in Eq. (26) can then be
expressed as
17
X2 -2 1K(f e m , X2 e X2
eYK+ s(f2-1) - ,( ) 0 (46)
where
2 2
KW2 ,/W , (47)
pe ce
is a measure of the beam intensity. The growth rate Imw and real
oscillation frequency wr=Rew have been obtained numerically from Eq. (46)
for a broad range of system parameters, s, f' Ze Ye'' K, e e
and C2. As shown in Fig. 3(a), the system is most unstable when s=i.
Moreover, for very short pulse electron beams, there is not enough time
to build up a significant amount of current neutralization. Therefore,
throughout the remainder of this section, the numerical analysis is
restricted to
fm=0, s=.
Note that for f M=0, the normalized eigenfrequency and axial wavenumber
can be expressed as
X2=w/wce'
2=k Zcae ,/Wce
since, for f -0, it follows from Eq. (25) that a =0.m
As a first example, we calculate boundaries in the parameter
spae a / 2 2
space (n ,e , ,Ice' ) This is illustrated in Fig. 5 for
f 0 , 2=0, and several values of y , . In Fig. 5, the solid curves
correspond to marginal stability boundaries (Im4=0) obtained from Eq. (46).
For a given value of y ,, the region of (a ,/e , W ,e /Wce,) parameter
space on the right-hand side of the appropriate curve corresponds to
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instability, whereas the region of parameter space on the left-hand side
corresponds to stability. It is evident from Fig. 5, for large density
ratio ft , e , that the system can be stabilized by increasing the beam
energy to sufficiently large values. Moreover, for general values of
beam energy, the stability boundaries converge to the common value
W2 /W ,=0.5 for f ,In << 1. The dependence of stability properties
pe ce e e
on density ratio f , /f is illustrated in Fig. 6, where the normalizede e
growth rate Imw/w , and oscillation frequency W /W , are plotted
ce r ce
versus f, /fi for f =0, ;20' We2'/W2 ,=0.8, and several values
e e e.2 e e
of y ,. Several features are noteworthy from Fig. 6. First, the
instability growth rate is a substantial fraction of the beam electron
cyclotron frequency. Second, the instability growth rate is significantly
reduced by increasing the density ratio f,i e [Fig. 6(a)]. Third, the
real oscillation frequency is approximately independent of the beam
energy and the density ratio t ,/tte (Fig. 6(b)].
The dependence of stability properties on beam density is illustrated
2 2
in Fig. 7 where Imw/wce, and wr/W ce, are plotted versus w , /Wcet
ce rce e ce
for f= 0, C2=0, e,-4 and several values of the parameter i n/.
As shown in Fig. 7(a), the instability growth rate is an increasing
function of beam density. For a high density plasma satisfying i di< 0.1e e%
the real oscillation frequency is approximately constant over the entire
range of W2  /W2 , corresponding to instability [Fig. 7(b)]. Other-
pe ce
wise, the real oscillation frequency is a slowly increasing function of
beam density ^ '.
In order to illustrate the dependence of stability properties on
fractional charge neutralization fe and axial wavenumber C2, the
stability boundaries in the parameter space (fe ;2) are presented in
Fig. 8 for y '!5, W2 ,/Wc ,-l, and several values of density ratio
19
fie, / e For a given value of n e /e, the region of (f , Y parameter
space above the solid curves corresponds to stability, whereas the region
of parameter space below the curves corresponds to instability.
Even for long wavelength perturbations (i.e., C2=0), we note that the
system can be completely stabilized as the fractional charge neutraliza-
tion fe is increased to a certain critical value. For example, for
f e,/el, the system is stable for f > 0.3. Moreover, for moderate
beam densities (w , ce, 1), the system is stable for sufficiently
large axial wavenumbers. We therefore conclude that the perturbed
system is most unstable for (f, 2)=(0,0). Shown in Fig. 9 are plots
of growth rate Imw/wc, and real oscillation frequency w /W , versus
ce r ce
the normalized axial wavenumber 2 for y ,=5, f =0.1, w2  22 e e pe ce
and several values of n^ ,Id . Evidently, short wavelength perturbations
do not exhibit instability for sufficiently large values of the density
ratio d ,/d (Fig. 9(a)]. As shown in Fig. 9(b), the real oscillation.
frequency exhibits a nearly linear dependence on axial wavenumber.
We conclude this section by the following summary: First, the
system is most unstable for zero fractional charge neutralization,
infinite axial wavelengths, and s=l. The system can be easily.
stabilized by increasing the fractional charge neutralization f
to unity or by decreasing the parameter s=PR/R 2 to zero. Second, the
growth rate is reduced considerably for large values of ni , . Moreover,
the real oscillation frequency wr is approximately independent of the
parameter fi /,/ and the beam electron energy y ,. Third, for a high
e e
density background plasma (^ ,n < 0.1), the electron beam dipole
e e I .) teeetrnbamdpl
oscillation does not exhibit instability provided the beam density
satisfies W2  2 , < 0.5. Moreover, the real oscillation frequencype ce ,.y
is approximately constant for S, e «,/^e< 1. Fourth, the typical growth
20
rate of the dipole resonance instability is a substantial fraction of
the beam electron cyclotron frequency. Finally, the instability growth
rate increases rapidly with increasing beam density n ,/n,.
21
IV. ION RESONANCE INSTABILITY
The ion resonance instability is one of the most basic insta-
bilities that characterize a nonneutral plasma with both ion and elec-
tron components. However, previous investigations of this instability
have been carried out only for the case of nonrelativistic beam elec-
trons. In this section we investigate the ion resonance instability
for an intense relativistic electron beam. This is particularly impor-
tant for application to collective ion accelerators such as the Auto
4Resonance Accelerator (ARA). The system consists of two components:
beam ions and relativistic electrons. We therefore assume
n,=fi0 .(48)
The relativistic electron beam is partially charge neutralized by beam
ions with fractional charge neutralization f .
Substituting Eqs. (21) and (48) into Eq. (19) gives
2 1 2((w-k8 ,c) -W (w-k $ c) - f W (1-0 a ize ce z a 2 e pe e e
1 2
p e e (w-k ai, c) 2+W i, w-k $,,c) - ,e (1- ,) ,w)2
1 (Ye'me ) 2"(9
where y,,m and mi, are the beam electron and ion masses, respectively.
After eliminating 2e , and , from Eq. (49), we obtain the dispersion
relation for the ion resonance instability,
22
[(w-k $ c) 2_W (w-k $ c) 1 fW2 (s
z ke )2ce, (-z e e e e]
x (-k ,c) 2 +(ci(-kz) 2 (- avz 2 pemel i' e
~f e l (e) ( ,_a $)2 , (50)
which can be used to investigate stability properties for a broad range
of system parameters.
As a comparison with previous analyses, it is instructive to
consider long wavelength (kz=0) perturbations for a nonrelativistic
(s ,=0) electron beam. In this case, Eq. (50) can be simplified to give
(W2_Wce 2+Wci'
(51)
f (2+cit + ((M2_ce' We
which is identical to the result obtained by Davidson and Uhm for the
fundamental mode perturbation, assuming negligible boundary effects.
Defining the normalized Doppler-shifted eigenfrequency and normalized
axial wavenumber by
X3 =(w-k 8i ,c)/wce, (52)
and
C3 =k z e _i)/ce' (53)
respectively, Eq. (50) can be expressed as
2 1 (2 e' m () 1 meN 'I
(X3 3) 3f -32 feK] X3 Mi, X3 m V)K
1 e 2(5 4 )
1 )K -0,
I
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where K is defined in Eq. (47). In obtaining Eq. (54), use has been
made of
which is valid since << 1 is assumed in the present analysis.
In order to investigate stability properties for a broad range
of system parameters, the stability boundaries are illustrated in Fig. 10
for several values of K=w , 'c2, ranging from 0.1 to 10. In Fig. 10,pe ce
the solid curves correspond to the stability boundaries (ImwO) in the
parameter space (f , ;3) obtained from Eq. (54) for (a) yem e ,mit0.0 2
and (b) y ,m e ,=0.006. For a given value of K, the region of (f,, 3)
parameter space above the curve corresponds to instability, whereas the
region of parameter space below the curve corresponds to stability.
We note from Figs. 10(a) and 10(b) that the region of (fe,;3) parameter
space corresponding to instability increases rapidly as the parameters K
and y , are increased. Shown in Fig. 11 are plots of the normalized
growth rate Imw/ce , and real oscillation frequency (w r-k zi ce
versus the normalized axial wa-yenumber ;3 for K-2, f =0.3, and several
values of y m/ml. It is evicant from Fig. 11(a) that the instability
growth rate as well as the range c.. ;3 corresponding to instability
increase significantly as ye, is ir. -.ased. Moreover, the maximum
growth rate is a substantial fraction c the beam electron cyclotron
frequency. We also note that the system - stable for sufficiently
short axial wavelengths satisfying ; > 1. .- expected from the
dispersion relation in Eq. (54), the real osc.. tion frequency is a
monotonically increasing function of 3 [Fig. ll( 1.
For present purposes, to illustrate the influe: - of beam
density on the ion resonance instability, we calculate e growth rate
for several different values of K. Shown in Fig. 12 are ots of the
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growth rate and real oscillation frequency versus 3 for y ,m /m ,=0.004,
fe=n0.3and several values of K. It is evident from Fig. 12(a) that the
growth rate as well as the range of ;3 corresponding to instability
increases rapidly with increasing beam density. Moreover, the real
oscillation frequency is also a strong function of the beam density
[Fig. 12(b)]. The dependence of stability properties on fractional
charge neutralization f is further illustrated in Fig. 13, where
the growth rate and oscillation frequency are plotted versus f for
Yeme/mi ,0.004, K-1, and several values of ;3. Note from Fig. 13(a)
that for small fractional charge neutralization (f < 0.1), only long
wavelength perturbations exhibit instability. On the other hand,
for f > 0.5, the short wavelength perturbations are the most unstable.
In general, the system becomes more unstable as the fractional charge
neutralization f approaches unity. The real oscillation frequency is
e
a monotonic decreasing function of fractional charge neutralization,
which is consistent with previous results (Fig. 13(b)].
Several points are noteworthy in the present studies of the ion
resonance instability. First, the stability analysis has been carried
out for an intense relativistic electron beam, including the important
influence of relativistic kinematic effects and finite axial wavenumbers
(k #0). Second, the ion resonance instability is enhanced significantly
by increasing the beam density and energy. Third, sufficiently short
wavelength perturbations satisfying > 1 are stable. Finally,
generally speaking, the system is most unstable as the fractional
charge neutralization f approaches unity. Moreover, for f < 0.1, the
e
strongest instability occurs for long axial wavelengths.
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V. CONCLUSIONS
In this paper, we have examined the dipole resonance
stability properties of an intense relativistic electron beam-plasma
system. The analysis has been carried out within the framework of a
rigid beam model for the case of sharp-boundary rectangular density
profiles. The general dispersion relation for coupled dipole resonance
oscillation was obtained in Sec. II. Stability properties for coupled
beam electron-plasma electron dipole oscillations were investigated in
Sec. III, assuming that the positive ions form an immobile partially
neutralizing background. As evident from the numerical studies in
Sec. III, the system is most unstable for zero fractional charge
neutralization. Moreover, the instability growth rate is
considerably reduced by increasing the density ratio i ef, e. In addition,
the characteristic growth rate of the electron-electron- dipole resonance
instability can be a substantial fraction of the beam electron cyclotron
frequency.
The ion resonance instability was investigated in Sec. IV, including
the important influence of relativistic beam kinematics and finite
axial wavenumber on stability behavior. We conclude from these studies
that the instability growth rate is enhanced significantly by increasing
the beam energy and density, and that the system is stable for pertur-
bations with sufficiently short axial wavelength. Moreover, for small
fractional charge neutralization, it was shown that the system is most
unstable for k -0. Finally, we emphasize that the present analysis is
based on a macroscopic rigid beam model. A more detailed kinetic analysis9
shows that this is a reasonable model for dipole oscillations. However,
we do expect significant modifications due to kinetic effects for
oscillations with azimuthal mode numbers t > 2. Stability properties
26
for Z > 2 are currently under investigation within the framework of the
9
Vlasov-Maxwell equations.
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APPENDIX A
RIGID BEAM COUPLING COEFFICIENTS
In this section, we calculate the rigid-beam coupling coefficients
na that describe the electric interaction between a column of charge
species a with a column of charge species 0. The charge, density, and
column radius are denoted by (ea' a' a) and (e,,fi8,R ), respectively.
In obtaining an expression for n ,, we evaluate the electric force
exerted on a charged particle of species a by the species a column, and
average this electric force over the species a column cross section.
The evaluation of the coupling coefficient is carried out separately
for the following three cases: (a) R < R, (b) Ra -R and (c) Ra > R
The column configurations are illustrated in Fig. 14. Without loss
of generality, we assume that the center-of-mass coordinates for the
species a column and the species 8 column are (I ,0) and (0,0),.
respectively, as shown in Fig. 14. Throughout this section, we also
assume that
c- /R << 1. (Al)
a a
From Eq. (1), the radial electric field generated by the species 0
column is
r 0 < r <R,
E (r)-28 (A2)
8r/renR r <r
Therefore, the force exerted on a charged particle of species a is
given by
F r)2we e ,r, 0 < r < R, (A3)
Fr a)2een 2 (3R /r R <r < w.
I
28
The coupling coefficient n is defined by
na8 [A r(r)dA]/( 2 t2e e fn R ) (A4)
where A denotes the cross-sectional area of column a. We now determine
aa for the three different cases.
(a) R < R From Eq. (A4), we obtain
R +X
2 2 - xdx[R -- )2 1/21 A)
7XR -R +X
a a a a
for R < R .
(b) Ra -: After some algebraic manipulation, we obtain
G(e)-Iren /2-e dx(-x
1 e(1-2 Q/
+ dY 2l 1/2 xdx(x2 +Y2 -l (A6)
where use has been made of Eq. (Al). The first term on the right-hand
side of Eq. (A6) originates from the region of simultaneous overlap
of column a and $ in Fig. 14(b). The final term in Eq. (A6) arises from
the remainder of column a. Note that G(O)=O. Taylor expanding Eq. (A6)
about e=0, and retaining terms to first order in e, we find
0 a8 1  (A7)
for R -R
(c) R > R : It is straightforward to show that
7T [lR 2 1+e {-(x-E) 2 2 -1G(e) = - )Ra -+exdx 0  dY(x +Y )
(A8)
. ( 2  dUtan- L (,-U2) 1/2)
R /f ) tha I U+e
We also note from Eq. (A8) that G(O)=O. Moreover,
(G d
2
2
a
1 x2dx
0 (1-x2 )1/2
thereby giving
ns =(R $/R a 2
for R > R .
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(A9)
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FIGURE CAPTIONS
Fig. 1 Equilibrium configuration and coordinate system.
Fig. 2 Stability boundaries [Eq. (40)] in the parameter space (fm'l)
for a ,l, several values of n, and (a) s-0.6, and (b) s-1.e
Fig. 3 Plots of (a) normalized growth rate Imw/w and (b) normalized
real oscillation frequency (w r-k z ec)/O versus C1 [Eq. (40)]
for n-0.06, fm70, and several values of the parameter s.
Fig. 4 Plots of (a) Imw/wpe and (b) (wr-kz0ec)/Ope versus ;* [Eq. (40)]
for n-0.06, s=, and several values of the parameter f0 '2
Fig. 5 Stability boundaries [Eq. (46)] in the parameter space (fi, /,/
2 
,/ 2 ,)for f =0, C2-0, and several values of y ,.
Fig. 6 Plots of (a) normalized growth rate Im/wce, and (b) normalized
real oscillation frequency wr Wce, versus the density ratio
ne,/"i [Eq. (46)] for f =0, ;2=0, W 2(ce ,=0.8, and several
values of y
Fig. 7 Plots of (a) growth rate Imw/ce, and (b) oscillation frequency
Wr Wce, versus the parameter w /W2ce, [Eq. (46)] for f =O,
;2'0 Ye'-4, and several values of the density ratio fe e /.
Fig. 8 Stability boundaries [Eq. (46)] in the parameter space (f , C2
for y ,- 5, W2, / 2 '-l, and several values of d ,1/ie pe ce e e
Fig. 9 Plots of (a) growth rate Imw/wce, and (b) oscillation frequency
r /ce , versus 2 [Eq. (46)] for f -0.1, , 5 , 2 2W 2
r e 2e= e Wpe ce
and several values of density ratio d , / .
Fig. 10 Stability boundaries [Eq. (54)] in the parameter space (f ,93
for (a) y em Im,=0.002, (b) y ,me/mi,=O.006 , and several values
of Kiw 2 ,2
pe ce'
Fig. 11 Plots of (a) growth rate Imw/wce, and (b) real oscillation
frequency (wr-kzai'c)wce' versus 3 [Eq. (54)] for K-2, fe=0.3,
32
and several values of ylm , /m .
Fig. 12 Plots of (a) growth rate Imw/wce , and (b) oscillation
frequency (wr-kz ic)/wce, versus 43 [Eq. (54)] for f =0.3,
yem /mi,-0.004, and several values of K.
Fig. 13 Plots of (a) growth rate Imw/wce, and (b) oscillation frequency
(Wr-kz a ,c)/ce , versus f [Eq. (54)] for K-1, y em/mi ,-0.004,
and several values of ;3
Fig. 14 Cross section of beam-plasma configuration for (a) R < Ra,
(b) R -R , and (c) R > R .
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